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Abstract. We propose a novel shape optimization algorithm for region-based
active contour models. Region-based active contours are preferred for many seg-
mentation problems, because they incorporate more global information by aggre-
gating cues or statistics over the distinct regions defined by the contour config-
uration. This makes them effective in a diverse array of segmentation scenarios,
also more robust to contour initializations, Unfortunately they are also more ex-
pensive computationally, because a significant part of the optimization involves
repeated integrations of the image features over the regions through the many
iterations of the contour updates. Accordingly, we aim to decrease the overall
computational cost of region-based active contours by reducing the cost of an in-
dividual iteration, and the total number of iterations. To this end, we first develop
a Lagrangian curve representation that is spatially adaptive and economical in
terms of the number of nodes used. Then we perform the shape sensitivity anal-
ysis of the general form of the region-based segmentation energy. In particular,
we compute the second variation or the shape Hessian of the energy, and we use
this to compute fast descent directions for the contours to significantly reduce the
computational cost. Our implementation builds on a finite element discretization
of the whole framework, including the contours. This results in efficient velocity
computations in linear time with respect to the number of contour nodes.

1 Introduction

Image segmentation is the problem of partitioning a given image into distinct homo-
geneous regions with respect to image values or statistics. Thus, it is often formulated
as the problem of finding the boundaries that define the best such partition: we would
like each region to be as uniform as possible within itself, but as different as possible
from its neighbors across the boundaries. For 2d images, this leads to a shape optimiza-
tion problem, in which we try to compute the set of optimal curves minimizing a shape
energy encoding this expectation of a good partition. Typically, one solves such prob-
lems by starting with a set of suboptimal initial curves (or guesses), and updating or
deforming the curves until they reach an optimal configuration. In this paper, we pro-
pose to use efficient Lagrangian representations for the curves, and building on these
representations, we develop a novel optimization algorithm that reaches the minima fast
by exploiting the second order sensitivity (Hessian) of the shape energy.

Our target is region-based shape energies used for image segmentation. Note that
the characteristics of each region in a segmentation formulation can be conveniently
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quantified by the statistics of the image features in the region [4]. The statistics com-
putations can often be expressed as various integrals over the regions. This results in
shape energies composed of such integrals. Often the integrands of these integrals vary
spatially, but also depend on other integrals over these regions. An example is the fol-
lowing energy (1) proposed by Chan and Vese in [2]. It aims to find a partitioning of
the image domain into a foreground region Ω1 and a background region Ω2 (inside and
outside the boundary curve Γ respectively), each with distinct averages c1, c2 of the
image intensity I(x) respectively.

J(Γ ) = µ

∫
Γ

dΓ+
1
2

∑
i=1,2

∫
Ωi

(I(x)−ci)2dx, µ > 0, ci =
1
|Ωi|

∫
Ωi

I(x)dx. (1)

More general approaches to incorporating statistics into the shape optimization for-
mulation are described in [4, 10]. One can develop a more general statistical formula-
tion, by considering a Bayesian interpretation of the estimation problem and trying to
maximize the a posteriori probability p({Ω1, Ω2}|I), namely the likelihood of having
a certain partitioning {Ω1, Ω2} given the image I (multiple phases or regions {Ωi}m

i=1

are possible, but not considered in this paper to simplify the presentation). We can write
p({Ω1, Ω2}|I) ∝ p(I|{Ω1, Ω2}) p({Ω1, Ω2}) and separate the a priori shape infor-
mation p({Ω1, Ω2}) from image-based cues encoded in p(I|{Ω1, Ω2}). A common
example of the a priori shape term would be p({Ω1, Ω2}) ∝ e−µ|Γ |. Assuming no
correlation between labelings of regions and parametric probability distributions with
parameters θ1, θ2, one can simplify the conditional probability:
p(I|{Ω1, Ω2}) = p(I|Ω1)p(I|Ω2) = p(I|θ1)p(I|θ2), θ1 = θ(Ω1), θ2 = θ(Ω2).
Maximizing the probability p({Ω1, Ω2}|I) is equivalent to minimizing its negative log-
arithm. Thus we end up with the following energy

J(Γ ) = µ

∫
Γ

dΓ −
∫

Ω1

log p(I(x)|θ1)dx−
∫

Ω2

log p(I(x)|θ2)dx. (2)

The parameters θi depend on the form of the probability density function and often in-
volve integrals over the regionsΩi. For example, the Gaussian probability density func-
tion has the form pi(s) = p(s|µi, σi) = 1√

2πσ2
i

exp
(
− (s−ci)

2

2σ2
i

)
, where the parameters

ci, σi are computed by the integrals ci = 1
|Ωi|

∫
Ωi
I(x)dx, σ2

i = 1
|Ωi|

∫
Ωi

(I(x) −
ci)2dx. It is not hard to see that we can concoct a diverse collection of statistical for-
mulations where shape energies with region integrals play a central role. Thus, shape
energies with integral parameters have significant use for image segmentation, and the
prototype form for energies with integrals is

E(Ω) =
∫

Ω

g(x, θw(Ω))dx, θw(Ω) =
∫

Ω

w(x)dx. (3)

or one whose weight function g may depend on multiple such integrals

E(Ω) =
∫

Ω

g(x, θw1(Ω), . . . , θwm
(Ω))dx, θwi

(Ω) =
∫

Ω

wi(x)dx. (4)
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Combining (3), (4) for multiple regions leads to

J(Γ ) = µ

∫
Γ

dΓ+E(Ω1)+E(Ω2),

(
or J(Γ ) = µ

∫
Γ

dΓ +
nΩ∑
i=1

E(Ωi)

)
(5)

for background/foreground (or multi-region) segmentation energies. The building blocks
(3), (4) and the resulting energy (5) will be the main focus of this paper. We will per-
form the shape sensitivity analysis for (3), (4), (5) and use it to develop a fast shape
optimization algorithm to compute the optimal boundaries. Our first contribution in the
shape sensitivity analysis is the computation of the shape Hessian of region energies
(3), (4), (5) (the first shape derivative was computed in [1]). The explicit formula for
the shape Hessian enables us to compute superior descent directions to perform the
shape optimization effectively. Our second contribution is the efficient discretization of
the velocity equations and descent process on a foundation of spatially adaptive La-
grangian curves using the finite element method. This results in linear time complexity
with respect to the number of curve nodes, except for the region integrals, which re-
quire traversing the image pixels. We demonstrate the effectiveness of our algorithm
using the Chan-Vese model (1) as a test case.

2 Differential Geometry and Shape Derivatives

We use the concept of shape derivatives to understand the change in the energy induced
by a given velocity field V . Once we have the means to evaluate how any given velocity
V affects the energy, we will be able to choose from the space of admissible velocities
the particular velocity that decreases the energy for a given curve Γ . We define the
shape derivative of an energy J(Γ ) at Γ with respect to velocity field V as the limit
dJ(Γ ;V ) = limt→0

1
t (J(Γt)−J(Γ )),where Γt = {x(t,X) : X ∈ Γ} is the deforma-

tion of Γ by V via the ordinary differential equation dx
dt = V (x(t)), x(0) = X . Shape

derivative of energies J(Ω) depending on domains or regions Ω are defined similarly.
We refer to the book [5] for more information on shape derivatives.

For a domain-dependent function ϕ(Ω), the material derivative ϕ̇(Ω;V ) and the
shape derivativeϕ′(Ω;V ) atΩ in direction V are defined as follows [11, Def. 2.85,2.88]
ϕ̇(Ω;V ) = limt→0

1
t

(
ϕ(x(t, ·), Ωt)− ϕ(·, Ω0)

)
, ϕ′(Ω;V ) = ϕ̇(Ω;V )−∇ϕ · V .

Before we start deriving the shape derivatives of the energies (3), (4), (5), we need
some definitions and concepts from differential geometry. We denote the outer unit
normal, the scalar curvature and the curvature vector of a curve Γ ∈ C2 by n, κ,
κ(:= κn) respectively. For a given function f ∈ C2(D) on the image domain D, we
define tangential gradient ∇Γ f and tangential Laplacian ∆Γ f :
∇Γ f = (∇f − ∂nfn)|Γ , ∆Γ f =

(
∆f − n ·D2f · n− κ∂nf

)∣∣
Γ
.

Now we can pursue the shape derivatives of the shape energies (1), (3), (4), (5).

Lemma 1 ([5]). The shape derivative of curve length J(Γ ) = |Γ | =
∫

Γ
dΓ with re-

spect to velocity field V is dJ(Γ ;V ) =
∫

Γ
κV dΓ, where V = V · n is the normal

component of the vector velocity.
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Theorem 1 ([11, Sect. 2.31, 2.33]). Let φ = φ(x,Ω), ψ = ψ(x, Γ ) be given so that
the shape derivatives φ′ = φ′(Ω;V ), ψ′ = ψ′(Γ ;V ) exist. Then the shape energies
J1(Ω) =

∫
Ω
φ(x,Ω)dx, J2(Γ ) =

∫
Γ
ψ(x, Γ )dΓ are shape differentiable and we have

dJ1(Ω;V ) =
∫

Ω

φ′dx+
∫

Γ

φV dΓ, dJ2(Γ ;V ) =
∫

Γ

(ψ′+(ψκ+∂nψ)V )dΓ. (6)

As the shape derivative dJ(Γ ;V ) depends only on V = V · n, the normal compo-
nent of the velocity [5], we use V (to imply V = V n) in our derivations from now on
and assume a normal extension, i.e. ∂V

∂n = 0, if needed.

Now using scalar velocity fields V,W (recall V = V n,W = Wn) to perturb Ω
and we define the second shape derivative of J(Ω), ϕ(Ω) as follows [5]
d2J(Ω;V,W ) = d (dJ(Ω;V )) (Ω;W ), ϕ′′(Ω;V,W ) = (ϕ(Ω;V ))′(Ω;W ).

Lemma 2 ([5, 8]). The second shape derivative of curve length J(Γ ) = |Γ | =
∫

Γ
dΓ

with respect to velocity fields V,W is d2J(Γ ;V,W ) =
∫

Γ
∇ΓV · ∇ΓWdΓ .

Theorem 2. Let φ = φ(x,Ω) be given so that the first and the second shape derivatives
φ′V = φ′(Ω;V ), φ′′ = φ′′(Ω;V,W ) exist. Then the second shape derivative of the
domain energy J(Ω) =

∫
Ω
φ(x,Ω)dx with respect to velocities V,W is given by

d2J(Ω;V,W ) =
∫

Ω

φ′′dx+
∫

Γ

(φ′WV + φ′V W ) dS +
∫

Γ

(∂nφ+ κφ)VWdΓ. (7)

Proof. For J(Ω) =
∫

Ω
φ(x,Ω)dx, the first shape derivative at Ω in direction V is

dJ(Ω;V ) = J1(Ω) + J2(Γ ) =
∫

Ω
φ′(Ω;V )dx+

∫
Γ
φV dΓ, using Theorem 1.

We can continue to compute
dJ2(Γ ;W ) =

∫
Γ
φ′(Ω;W )V dΓ +

∫
Γ
(∂nφV + φV κ)WdΓ,

dJ1(Ω;W ) =
∫

Γ
φ′′(Ω;V,W )dx+

∫
Γ
φ′(Ω;V )WdΓ.

which can be summed into d2J(Ω;V,W ) = dJ1(Ω;W ) + dJ2(Γ ;W ).

Proposition 1. The first shape derivative of the shape energy (3) at Ω with respect to
velocity V is given by dJ(Ω;V ) =

∫
Γ

(
g(x, θw(Ω)) + θgp(Ω)w(x)

)
V dΓ [1].

The second shape derivative of (3) with respect to velocities V,W is given by

d2J(Ω;V,W ) =
∫

Γ

(
∂ng + θgp∂nw + κ(g + θgpw)

)
VWdΓ

+
∫

Γ

gpV dΓ

∫
Γ

wWdΓ +
∫

Γ

wV dΓ

∫
Γ

gpWdΓ + θgpp

∫
Γ

wV dΓ

∫
Γ

wWdΓ,

We use the short notation for the functions g = g(x, θw(Ω)), w = w(x), and gp, gpp

denote the derivatives of g(x, θw(Ω)) with respect to its second variable. θgp , θgpp are
the integrals of gp, gpp over the domain Ω.

Proof. Let φ(x,Ω) = g(x, θw(Ω)) in Theorem 1, and calculate φ′(Ω;V ).
φ′(Ω;V ) = gp(x, θw)θ′w = gp(x, θw)

∫
Γ
w(y)V dΓ (y). (using Thm.1 on θw)

We substitute φ′(Ω;V ) in the form (6) for dJ(Ω;V )
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dJ(Ω;V ) =
∫

Ω
gp(x, θw)

(∫
Γ
w(y)V dΓ (y)

)
dx+

∫
Γ
g(x, θw)V dΓ.

Since θgp =
∫

Ω
gp(x, θw)dx, we can exchange the order of integration and obtain

dJ(Ω;V ) =
∫

Γ

(
g(x, θw) + θgpw(x)

)
V dΓ.

For the second shape derivative, we use Theorem 2. Compute φ′′ = φ′′(Ω;V,W ),
φ′′ = (gp)′

∫
Γ
w(y)V dΓ + gp

(∫
Γ
w(y)V dΓ

)′ (we use Thm.1)
φ′′ = gpp

∫
Γ
w(z)V dΓ (z)

∫
Γ
w(y)WdΓ (y) + gp

∫
Ω

(∂nw(y) + κw(y))VWdΓ.
We substitute in (7) and reorganize the various terms.

We do not derive the second shape derivative of the energy (4) because of limited
space in this paper. It follows the same steps of the derivation of the energy (3). Its first
derivative can be found in [1]. The first shape derivative of the Chan-Vese energy (1) is
given by the following proposition ([2]).

Proposition 2. The first shape derivative of the energy (1) at Γ with respect to V is

dJ(Γ ;V ) =
∫

Γ

(µκ+f(Γ ))V dΓ =
∫

Γ

(µκ+(c2−c1)(I(x)−
1
2
(c1+c2)))V dΓ. (8)

Proposition 3. The second shape derivative of energy (1) at Γ with respect to V,W is

d2J(Γ ;V,W ) =µ
∫

Γ

∇ΓV · ∇ΓWdΓ +
∫

Γ

β(x, Γ )VWdΓ

−
∑

i=1,2

1
|Ωi|

∫
Γ

(I(x)− ci)V dΓ
∫

Γ

(I(x)− ci)WdΓ,

where β(x, Γ ) = 1
2 (c2 − c1)

(
(I − c1+c2

2 )κ+ ∂nI
)
. Or more concisely:

d2J(Γ ;V,W ) = µ〈∇ΓV,∇ΓW 〉+ 〈βV,W 〉 − S1(V )S1(W )− S2(V )S2(W ), (9)

where 〈·, ·〉 denotes the L2 scalar product 〈f, g〉 =
∫

Γ
fgdΓ , and Si(V ), is the bound-

ary integral Si(V ) = |Ωi|−1/2
∫

Γ
(I(x)− ci)V dΓ, i = 1, 2.

Proof. The proof follows from Lemma 2 & Prop.1 with g(x, p1, p2) = 1
2

(
I(x)− p1

p2

)2

.

substituted in J(Γ ) = µ
∫

Γ
dΓ +

∑
i=1,2

∫
Ωi
g(x, θI(Ωi), θ1(Ωi))dx.

3 The Minimization Algorithm

In this section, we use the shape derivatives to devise an iterative minimization al-
gorithm for the energies (1), (5). The algorithm starts with a given initial curve Γ0,
computes a descent velocity V , deforms the curve with the descent velocity V , repeats
this process until convergence, at which point the curve should be at a minimum of the
energy, and a valid segmentation should be attained. Thus the energy minimization pro-
cedure involves updating the current curve Γ k at each iteration to obtain the next curve
Γ k+1 with the descent velocity V (= V n) by

Xk+1 = Xk + τV , ∀Xk ∈ Γ k, (10)
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where τ > 0 is a step size parameter (or time step for the curve evolution). Computing
the descent velocity requires knowing the normal n and the curvature κ of the curve.
Thus we use three additional identities κ = −∆Γ X, κ = κ · n, V = V n, to relate
the curve points X , the mean curvature κ, the vector curvature κ, the scalar velocity V ,
finally the vector velocity V . Let us now state the outline of the minimization algorithm,
which will consist of the following steps:

choose an initial curve Γ0

repeat
mark the pixels in the domains Ω1, Ω2

compute integrals θI(Ωi) =
∫

Ωi
I , θ1(Ωi) =

∫
Ωi
1 and then the energy J(Γ )

compute the descent velocity V
compute step size τ ensuring energy decrease
update Γ k to obtain Γ k+1 using (10)

until stopping criterion is satisfied
The three critical components to effectiveness of this algorithm are: 1) the choice

of the descent velocity, 2) the choice of step size, and 3) the stopping criterion. Some
descent velocities, which we elaborate below, yield more stable evolutions and faster
convergence. Moreover, for successful convergence, the step size should be matched
to the velocity at each iteration (not set to a fixed value like many implementations in
literature). Finally, the stopping criterion should be set appropriately depending on the
image and the curves, in order to avoid early termination or unnecessary extra iterations
that do not improve segmentation. We describe these components next.

Gradient descent velocities. The first shape derivative already gives us a gradient
descent velocity, by setting the velocity equal to negative shape gradient: V = −G =
−(µκ + f(Γ )), (because this implies dJ(Γ ;V ) = −

∫
Γ
G2dΓ 6 0). The velocity

V = −G was used in the original paper [2] by Chan and Vese as part of a level set
implementation.

A more general and flexible way to define a gradient descent velocity is to choose a
scalar product b(·, ·) that induces a Hilbert space B(Γ ) on the curve Γ [3, 12], and use
the following equation to compute the associated gradient descent velocity V :

b(V,W ) = −dJ(Γ ;W ) = −〈G,W 〉, ∀W ∈ B(Γ ). (11)

The velocity V computed in this way is also a gradient descent velocity: dJ(Γ ;V ) =
−b(V, V ) 6 0. Examples of possible scalar products are b(·, ·) the L2 scalar product
and the weighted H1 scalar product

〈V,W 〉L2 = 〈V,W 〉 =
∫

Γ

VWdΓ, 〈V,W 〉H1 = 〈α∇ΓV,∇ΓW 〉+〈βV,W 〉, (12)

where α = α(x, Γ ) > 0 and β = β(x, Γ ) > 0. The gradient descent velocity computed
with the L2 scalar product turns out to be V = −G mentioned above, and is the most
common choice in the literature for active contours problem.

In practice, the L2 gradient velocity works reasonably, but it is not very efficient.
The gradient descent method is known to converge slowly in the optimization literature
[9]. The gradient depends on the scaling of the problem, and the choice of the right step
size is not straight-forward. We propose to remedy this by normalizing the L2 gradient



Fast minimization of region-based active contours 7

velocity with its norm, and by using a standard line search algorithm for step size. This
is explained in detail below. Another important problem with the velocity V = −G
is that the curvature term in G = µκ + f makes the iterations unstable, and one has
to take small steps to evolve the curve Γ in a stable manner. To address this, we use
a semi-implicit time step discretization of the velocity and curve evolution, which is
unconditionably stable. We should note that using an H1 scalar product also stabilizes
the velocity computation, and one can continue with the simpler and more efficient
explicit stepping scheme for curve evolution.

Newton’s method for minimization. Having the explicit formula for the second
shape derivative or the shape Hessian (9) opens up opportunities to reduce the number of
iterations or energy evaluations by pursuing a Newton-type optimization algorithm. One
can compute a Newton velocity by setting b(V,W ) = d2J(Γ ;V,W ) in the velocity
equation (11). This was proposed in the recent works [6–8]. Note that the expression (9)
is symmetric and resembles an H1 scalar product (12). However, it is not positive def-
inite because of the arbitrary range of the coefficients β(x, Γ ) and the last two terms
in (9), which are negative semi-definite. Therefore, using b(V,W ) = d2J(Γ ;V,W )
in (11) is not guaranteed to produce a descent direction. We would like to work with
a positive definite Hessian and retain some structure of the second shape derivative
d2J(Γ ; ·, ·) to help improve convergence. For this, we replace β in (9) with a thresh-
olded version β+(x, Γ ) = max(β(x, Γ ), βM ) (βM > 0) and omit the last two terms.
Then the sum of the first and second integrals in (9) is positive definite. The choice of
βM needs care. One is inclined to choose βM as small as practically possible. But the
corresponding discrete Hessian matrix gets more and more ill-conditioned as βM gets
smaller; therefore, in practice, we need to choose a value that is not very small as an
acceptable trade-off. For energy (1), we set βM = 0.1|c2− c1|max |I|, a threshold that
is automatically adjusted to the image intensity and contrast between regions.

Explicit vs semi-implicit stepping At this point, we should take a closer look at
the interaction of the descent velocity V and the step size τ . Although the crucial cri-
terion of energy reduction for step size selection is encoded in the line search routine,
described in the next subsection, the choice of velocity might impose more conditions
on the step size. Given the curve points X of the curve, a natural sequence to compute
the descent velocity and to update the curve is the following: 1) compute f(Γ k), nk, κk

from X , 2) compute scalar velocity V k using one of the methods described above, 3)
compute V k = V nk, 4) update Xk+1 = Xk + τV k. These steps constitute the ex-
plicit stepping scheme. This works well with H1 gradient descent, Newton’s method,
and does not require any additional conditions on τ . If we use L2 gradient descent, as
mostly done for this problem, the iterations are not very stable and one needs to take
small steps τ , consequently many more iterations.

An alternative stepping scheme in the case of L2 gradient descent would be a
semi-implicit stepping scheme [6]. In this approach, we take Xk, nk as known quan-
tities and κk+1,κk+1, V k+1,V k+1 as unknowns at each iteration. We write κk+1 =
−∆Γ Xk+1 = −∆Γ Xk + τ∆Γ V k+1, and obtain the following system of equations

κk+1 − τ∆Γ V k+1 = −∆Γ Xk, κk+1 − κk · nk+1 = 0,

V k+1 + µκk+1 = −f(Γ k), V k+1 − V k+1nk = 0,
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which we need to solve simultaneously for the unknowns. This semi-implicit scheme
is unconditionally stable, i.e. it does not impose any conditions on the step size τ . Its
disadvantage is that we now need to solve a system of equations, and handle a larger
number of unknowns at each iteration. We use the semi-implicit stepping scheme only
forL2 gradient descent in our experiments, and the explicit scheme for Newton velocity.

Line search for the step size. For many implementations of active contour models,
the step size τ in the curve update (10) is fixed, and a preset number of iterations are
taken with the fixed τ . This is not a very effective approach, as one might miss (over-
shoot) the minimum with a large τ or take too many iterations with a small τ . A better
approach is to use a line search that chooses a step τ guaranteeing energy decrease from
a range of τ values. For example, one can select τ that satisfies the Armijo criterion [9]

J(Γ k+1) < J(Γ k) + ατdJ(Γ k;V k). (13)

This criterion is mostly effective in ensuring energy decrease at each step and attaining
convergence. But sometimes this monotone line search for the step size might fail; even
the smallest τ may appear not to yield energy decrease. This is due to the inconsistency
between the computed energy (obtained by summing up pixels) and the computed shape
derivative (using the discretized curve and the interpolation of the image). To circum-
vent this, we pursued a nonmonotone line search strategy [13], which does not require
strict energy decrease at each iteration, but rather decrease on average in the recent
iterations. We used the following criterion

J(Γ k+1) < Ck + ατkdJ(Γ k;V k), (14)

where Ck = (ηQk−1Ck−1 + J(Γ k))/Qk, C0 = J(Γ 0), Qk = ηQk−1 + 1, Q0 = 0.
We set α = 10−3, η = 0.2 in our experiments. Compared to the monotone strat-
egy (13), the nonmonotone line search sometimes took more iterations to converge, but
mostly resulted in fewer energy evaluations and curve updates, hence less computation.
Moreover it converged with fewer line search failures.

The stopping criterion. The conventional approach to stop iterations in optimiza-
tion literature is to track the norm of the gradient and to stop when it is small [9]. This
is not as straightforward for a shape optimization implementation involving discretized
geometries and real data. One needs to account for imperfections in the data, such as
noise, lack of contrast, and limited resolution of the numerical model. Even the choice
of the norm for the gradient requires care. Simply setting the stopping tolerance to a
fixed value is not successful for this particular problem. Thus we tried to derive a robust
stopping criterion starting from the following pointwise condition on the shape gradient
|G(x, Γ )| < εδG(Γ ), where ε > 0 is an absolute tolerance, δG(Γ ) is the difference
between the max and min values of the shape gradient among distinct regions and pro-
vides a relative scaling. We chose to track the L2 norm of the shape gradient, for which
the threshold tolerance can be derived by integrating the pointwise condition over Γ

‖G‖L2(Γ ) =
(∫

Γ

|G|2dΓ
) 1

2

< εδG(Γ )|Γ | 12 . (15)

This criterion can be elaborated further for specific region-based energies. For example,
for the Chan-Vese energy (1), we have G(x, Γ ) = (c2 − c1)(I(x) − 1

2 (c1 + c2)), and
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we used δG(Γ ) ≈ 1
2 |c2 − c1|2. Figure 2 shows the evolution of the shape gradient and

stopping tolerance for a typical segmentation example. The norm of the shape gradient
is small at the beginning, large in the middle, small at the end. If we used a small fixed
tolerance, the iterations would stop immediately at the beginning of the minimization
iterations. If we used a large fixed tolerance, the iterations would not stop for many
more unnecessary iterations. Our tolerance (15) is dynamic; it stays small initially, then
grows gradually through the iterations.

4 Geometry and Numerical Discretization

For efficiency, we build our numerical framework on a Lagrangian representation of the
curves Γ . We find that this enables a faithful discretization of our shape optimization
formulation, in particular, of the shape sensitivity relationships and the velocity (from
Sections 2 and 3). Most calculations take place on the curves Γ , and we refer to the
domains inside and outside Γ , only when we need to compute the region integrals for
the shape energies (1), (5). We represent a curve as a list of elements {Γi}m

i=1 such that
Γ =

⋃
i Γi. An element Γi is defined as the line segment connecting node Xi to node

Xi+1. We do not use a parameterization of the curves.
The curves can undergo large deformations between iterations, and this can cause

the nodes to be scattered unevenly. Still it is crucial to maintain a good distribution of
the nodes. We do not want the node distribution to be uniform, but rather to be spatially
adaptive. We want fewer nodes for flat curves in flat image regions and more nodes in
high curvature portions of the curves and in highly varying regions of the image (mea-
sured by comparing high and low order quadratures of the image intensity function on
the curve elements). The adaptation of node distribution is done via refinement and
coarsening procedures and ensures computational efficiency together with good resolu-
tion and accuracy. Moreover, to enable topological adaptivity of curves (like a level set
model), we implemented intersection detection and curve surgery procedures for split-
ting and merging of curves. The implementation details of these adaptation procedures
are beyond the scope of this paper, and will be elaborated in a separate report.

Discretizing velocity computations. We propose a finite element discretization
of the continuous velocity equations from Section 3. For this, we introduce a set of
piecewise linear basis functions {φi}m

i=1 satisfying φi(Xj) = δij (also vector version
φi = (φi, φi)T ). We expand the variables, such as the velocity V and the geometric
quantities X,κ, in terms of the basis functions: V = Vjφj (:= ΣjVjφj), X = Xjφj ,
κ = Kjφj , and we work with the corresponding coefficient vectors X,V,K respec-
tively. This enables us to write the discretized versions of the key integral equations:

〈κ,φ〉 = 〈∇Γ X,∇Γ φ〉, ⇒κj 〈φj ,φi〉 = Xj〈∇Γ φj ,∇Γ φi〉, ⇒MK = AX,

b(V, φ) = −〈G(Γ ), φ〉, ⇒Vj b(φj , φi) = −〈G(Γ ), φi〉, ⇒BV = −G,

where we have introduced the following matrices and vectors

Aij := 〈∇Γφi,∇Γφj〉, Aij := AijId, Mij := 〈φi, φj〉, M ij := MijId,

Mβ,ij := 〈βφi, φj〉, Bij := b(φi, φj), Gi := 〈G(Γ ), φi〉.
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We have B = M for L2 velocity, and B = µA+Mβ for Newton velocity. We empha-
size that all the relevant operations with these matrices (matrix inversion, matrix-vector
products) have linear time complexity. These matrices consist of circular tridiagonal
blocks (corresponding to individual curves), and they can be inverted using the Thomas
algorithm, e.g. for computing velocity V = −B−1G or curvature K = M−1AX.

Fig. 1. Example images and initial curves used for testing. Top row: synthetic images (rectangle,
concave, multiple). Bottom row: real images (fungus, bacteria, galaxy). Three different starting
curves Γin (magenta), Γout (yellow), Γpart (blue) used for each image.

5 Numerical Examples

In this section, we demonstrate that the Newton’s method, which takes advantage of the
shape Hessian, produces the segmentation in significantly less computation than the L2

gradient descent. For this, we used a set of synthetic image examples (with increasing
complexity of the regions), and a set of real images (see Figure 1). We set the length
penalty in the energy (1) to µ = 10−3. Also to discourage curves extending beyond the
image domain D, we added another weighted length term

∫
Γ
(1 − 1D)dΓ , which has

an effect only on the parts Γ outside D. We started the minimization iterations with
different initial curve configurations: Γ 0

in, Γ
0
out, Γ

0
part, curves that were inside, outside

or partially overlapping the regions of interest respectively. The results of these exper-
iments are given in Table 1, where we report the number of energy evaluations and
the number of iterations. As we used line search to determine the right step size for
an iteration in all methods, the number of energy evaluations was a better measure of
computational cost than the number of iterations, because it also included steps or it-
erations that were tested by line search, but were not taken. We stopped the iterations
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when the L2 norm of the shape gradient was less than the scaled tolerance (15) (with
ε = 0.5) or when line search failed, namely, it returned the smallest step size, which did
not give apparent energy decrease. In most of these cases, the segmentation was already
complete when line search failure happened. We made the following observations:

Fig. 2. The energy, shape gradient, scaled stopping tolerance and step size values for all the iter-
ations of minimization (synthetic example with concave region).

– L2 velocity: Normalizing the L2 velocity (dividing by ‖V ‖2) before line search
improved its performance, especially in cases of poor contrast or low intensity when
the L2 velocity was slow (recall V = −(c2 − c1)(I(x)− 0.5(c1 + c2))).

– Test step size: We used τ = 1 as an initial step size for line search in the Newton’s
method, whereas using twice the previous step size worked best for the L2 gradient
descent. The former takes full steps as much as it can all along, whereas the latter
reduces τ when the curve is close to the minimum.

– Monotone vs Nonmonotone: The choice of nonmonotone line search using crite-
rion (14) did not make a big difference for the L2 gradient descent. For Newton’s
velocity, it reduced the number of energy evaluations on average and nearly elim-
inated line search failures. This is due to the fact the nonmonotone criterion does
not impose strict energy decrease.

– Newton velocity: Required fewer energy evaluations than the L2 velocity to reach
the minimum. Especially, if some part of the curve is already on the region bound-
ary, the Newton’s method quickly pulls the rest of the curve to the region boundary.

Overall we observed that the Newton velocity consistently outperformed L2 gradi-
ent descent. We should nonetheless add that, although our results were in favor of the
Newton’s method, one can concoct examples of images and initial curves, for which the
performance difference is not as apparent.
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rectangle concave multiple
Γin Γout Γpart Γin Γout Γpart Γout Γpart

L2 (m) 35 (16) 47 (23!) 33 (19!) 35 (18) 99 (58) 40 (19) 54 (35) 54 (26!)
L2 (n) 46 (20!) 46 (24) 40 (19) 51 (31) 83 (51!) 45 (20!) 59 (33!) 56 (27!)
Nwt (m) 26 (19!) 23 (17) 23 (17) 40 (19!) 38 (32) 26 (17) 43 (36) 32 (22)
Nwt (n) 22 (20) 25 (19) 28 (21) 27 (19) 37 (34) 27 (18) 40 (33) 28 (22)

fungus bacteria galaxy
Γin Γout Γpart Γin Γout Γpart Γin Γout Γpart

L2 (m) 44 (21) 63 (34!X) 49 (24!) 74 (40) 117 (60!X) 86 (47) 46 (26) 33 (20!X) 60 (38)
L2 (n) 52 (29!) 54 (31!X) 35 (21!) 64 (35) MAX! 64 (35) 54 (29!) 83 (46!) 56 (36)
Nwt (m) 17 (14) 22 (21) 36 (15!) 27 (25) 33 (28) 12 (11) 26 (18) 32 (25!) 26 (22)
Nwt (n) 17 (14) 22 (21) 60 (58) 27 (25) 33 (28) 12 (11) 34 (26) 29 (28) 37 (34)

Table 1. Performance of L2 vs Newton velocity. The test images were segmented using both ve-
locities with monotone (m) line search criterion (13) and nonmonotone (n) criterion (14). Some of
these experiments terminated due to line search failures (rather than fulfilment of the stopping cri-
terion (15)), albeit with successful segmentation (marked with !). A few terminated prematurely
with line search failure (marked with !X). One did not finish in the maximum (100) number of
iterations (marked with MAX). We report the number of energy evaluations for each experiment
(and the iteration numbers in parantheses). The best results are highlighted in bold.
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